MATH 579: Combinatorics
Exam 4 Solutions

1. Use methods of difference calculus to compute Zfil it.

We first translate ZZ 1 i Zfﬁ z%6x. Now, we compute Stirling numbers of the second kind to find
xt = S(4, 4) + 5(4 3)a2 + 5(4,2)z2 + S(4,1)xt = 22 + 622 + 722 + 1. Hence our sum is Z?G rd + 623 +
Ta2 + zldw = Lad+ %4 + 2o+ J22(36 = 12624 0264 + 1263 + $262 — (112 + 814+ 113+ 112) = 2,153,645,

2. Let u,v be functions from Z to R. Prove that A(uv) = uAv + EvAu.

We calculate FvAu + uAv = v(z + 1)Au + u(z)Av = v(z + 1)(u(z + 1) — u(x)) + u(z)(v(z + 1) —v(z)) =
u(z+1)v(z+1)—u(z)v(z+1)+u(z)v(z+1)—u(z)v(z). Two terms cancel, leaving u(z+1)v(z+1)—u(x)v(x) =
A(uv).

3. Let n € Ny. Calculate and simplify > tzllsy.

Warning: zlzi® £ 1l

Method 1: Write 2t = z = (z — 10 + 10). Hence Yoo etal%z = Y0 (z — 10 + 10)21%2 = Y (z —
10)22206z + 370 102402 = 30 atlox + 10 Y g 2200z = Lat2 + Pald(s = 35 (11nt2 + 1200t — (0 - 0)
3 (11nt(n — 11)1 4 120nit) = ’52(11( —11) +120) = "*(11n 1).

132
Method 2: Summation by parts. Set u = 2, Av = 21%. We have Au = 2%, v = % 11 Now, Zo 210652 =
atlalte — S Lz + 1)La%z = ("1”1Q —0) — & Y0 (@ + 1)1z, We reindex, setting y = x + 1, getting
L 1w+l UL 11, 12+l _onptt (12 oy it _ ot
M oirr vy = —anyh =T - ) = 71132(12” (n+1)) = 71132(1171 1).

4. Let f,g be functions from Z to R. Suppose that Af = Ag. Prove that there is some constant C such that
flx) =g(z) + C.

Lemma: If Ah = 0, then there is some constant C' with h(z) = C.

Proof: Set C = h(0). We prove Vn € Ny, h(n) = C by induction. Base case: h(0) = C already. Now, assume
that h(n) = C. We have 0 = Ah = h(n + 1) — h(n), so h(n + 1) = h(n) = C. A similar proof works for all
negative integer n.

Now, set h(z) = f(z) — g(z). We have Ah = f(z+1) — gla + 1) — (f(z) — g(2)) = (F(z +1) - f(x)) -
(9(x +1) —g(z)) = Af — Ag = 0— 0 = 0. Hence, by lemma, there is some constant C' with h(z) = C. So,
f(z) — g(x) = C, which rearranges to f(z) = g(z) + C.

5. Let n € N. Calculate >} Hydx.

We rewrite Y | Hydx = > 22H, 0z, and use summation by parts. Set u = H,, Av = 2% We have Au ==L

and v = zt. Hence, >} 2°H,dz = le T =T+ 1)te=téx = (nH,, —1H;) = | 2%z = nH, -1 -z} =
nH,—1—(n—-1)=nH, —

zx+1)---(z+m—-1) m>
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0 Define the “other” difference operator A’ as A’f =

6. Recall that 2™ = {
m <

1
ey mes
f(z) — f(z —1). Compute and simplify A’z™

For m > 1, we have A'z™ = z(z+1)--- (z4+m—2)(x+m—1)—(z—1)(z)--- (x+m—-2)=z(xz+1)-- (x+
m—2)z+m—1—(z—1)] =ma™ L.

mo__ 1 1 _ r+m—1
For m < 0, we have A'z™ = @-D@—2)(atm)  @—2)(@=3)(@tm)@tm-1) — @-D@—2) (ztm)@+tm—-1)

m—1

rz—1 _ m —
@—D@—2) (etm)@tm-1) — @-D@-2) (ztm)(atm-1) _ "¥

1

Hence, in both cases, the result is A’z™ = maz™~



